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UNIFORM DOMAINS WITH RECTIFIABLE BOUNDARIES AND
HARMONIC MEASURE
MIHALIS MOURGOGLOU
In memory of G. I. Chatzopoulos
ABSTRACT. We assume that Ω ⊂ Rd+1, d ≥ 2, is a uniform domain
with lower Ahlfors-David d-regular and d-rectifiable boundary. We show
that if Hd|∂Ω is locally finite, then the Hausdorff measure Hd is abso-
lutely continuous with respect to the harmonic measure ω on ∂Ω, apart
from a set ofHd-measure zero.
CONTENTS
1. Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
Acknowledgements. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2. Background material . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
3. Whitney cubes and interior sub-domains . . . . . . . . . . . . . . . . . . . . . 6
4. Main lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
5. Core of the proof of Theorem 1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
6. End of the proof of Theorem 1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
Appendix A. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1. INTRODUCTION
Determining (mutual) absolute continuity of the harmonic measure as-
sociated to the Laplace operator and the d-Hausdorff measure in domains
with “rough” boundaries has been a hot topic of research in mathematical
analysis for almost four decades now. The interest in such questions can be
justified partially by the connection between (a quantitative version of) the
absolute continuity of the harmonic measure and the well-posedness of the
Dirichlet problem with data in some Lp space (even for elliptic operators of
divergence form with merely bounded real coefficients).
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Key words and phrases. Harmonic measure, absolute continuity, uniform, nontangen-
tially accessible (NTA) domains, rectifiability, porosity.
1
2 MIHALIS MOURGOGLOU
Already in 1916, F. and M. Riesz [26] showed that for simply connected
planar domains, bounded by a Jordan curve, whose boundary has finite
length, harmonic measure and arc-length are mutually absolutely contin-
uous. Their theorem was improved by Lavrentiev [24] demonstrating that
in a simply connected domain in the complex plane, bounded by a chord-
arc curve, the harmonic measure is in the A∞ class of Muckehoupt weights.
Bishop and Jones [9] proved a local version of F. and M. Riesz theorem by
showing that if Ω is a simply connected planar domain and Γ is a curve of
finite length, then ω ≪ H1 on ∂Ω ∩ Γ, where ω stands for the harmonic
measure. They also give an example of a domain Ω whose boundary is con-
tained in a curve of finite length, but H1(∂Ω) = 0 < ω(∂Ω), thus showing
that some sort of connectedness in the boundary is required.
In higher dimensions, the situation is a lot more delicate. The obvious
generalization to higher dimensions is false due to examples of Wu and
Ziemer: they construct topological two-spheres in R3 with boundaries of fi-
nite Hausdorff measureH2 where either harmonic measure is not absolutely
continuous with respect toH2 [28] or H2 is not absolutely continuous with
respect to harmonic measure [29], respectively. In the affirmative direction,
Dahlberg shows in [13] that in a Lipschitz domain, the harmonic measure
and the d-Hausdorff measure restricted to the boundary are A∞-equivalent.
The same result was proved by David and Jerison in [15] under the assump-
tions that Ω ⊂ Rd+1 is an NTA domain and ∂Ω is Ahlfors-David regular.
Recently, Azzam, Hofmann, Martell, Nystro¨m and Toro [6] showed that
any uniform domain with uniformly rectifiable boundary is an NTA domain
and thus, ω ∈ A∞ by [15] (a direct proof of the A∞-equivalence between
ω and Hd|∂Ω in this case was given earlier by Hofmann and Martell [18];
the converse implication is proved in [21] and a stronger version of it in
[19]). One can also find similar results for domains with uniformly recti-
fiable boundaries (without the uniformity assumption) in [10]. Hofmann,
Martell and Toro [20] recently obtained a characterization of uniform do-
mains with uniformly rectifiable boundaries via the A∞ equivalence of the
elliptic harmonic measure and the d-Hausdorff measure (for second order
elliptic operators of divergence form with real, locally Lipschitz coefficients
that satisfy a natural Carleson condition).
At first look, Ahlfors-David regularity seems superfluous for establishing
absolute continuity in NTA domains, and in some sense it is: in [8], Badger
shows that if one merely assumes Hd|∂Ω is locally finite and Ω ⊂ Rd+1 is
NTA, then we still have Hd|∂Ω ≪ ω. He also shows that ω ≪ Hd|∂Ω ≪ ω
on the set
{x ∈ ∂Ω : lim inf
r→0
Hd(B(x, r) ∩ ∂Ω)/rd <∞}.
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The question whether NTA-ness of the domain is enough to obtain ω ≪
Hd|∂Ω was already answered in the negative by Wolff in [27], with the im-
pressive construction of the so-called Wolff snowflakes. Although, there
was a question in [8] whether this could be true under the additional as-
sumption that Hd|∂Ω is locally finite. Very recently Azzam, Tolsa and
the author [4] demonstrated that there exists an NTA domain with very
flat boundary for which Hd|∂Ω is locally finite and yet, one can find a set
E ⊂ ∂Ω such that ω(E) > 0 = Hd(E).
However, it was left open whether one can show thatHd|∂Ω ≪ ω relaxing
the geometric conditions of the domain. It is this matter that we will deal
with in the present paper. In fact, we show that Hd ≪ ω on ∂Ω up to a
set of Hd-measure zero, under the assumption that the domain is uniform
and its boundary is lower Ahlfors-David d-regular and d-rectifiable (all the
definitions can be found in section 2).
Theorem 1.1. Suppose that d ≥ 2. Let Ω ⊂ Rd+1 be a uniform domain with
lower Ahlfors David d-regular and d-rectifiable boundary ∂Ω. If Hd|∂Ω is
locally finite, thenHd|∂Ω ≪ ω,Hd-a.e. on ∂Ω.
The lower Ahlfors-David regularity may seem to be a technical condition
but in fact, it is not. Indeed, on the one hand, the boundary of an NTA
domain is always lower Ahlfors-David d-regular, while on the other, the
conclusion of Theorem 1.1 may fail once we relax the lower Ahlfors-David
d-regularity assumption. We will show that Theorem 1.1 is sharp in the
following sense:
For each s ∈ (d − 1, d), we can construct a uniform domain Ω ⊂ Rd+1
such that
(1) ∂Ω is lower s-Ahlfors-David regular,
(2) Hd|∂Ω is locally finite,
and there exists a set E ⊂ ∂Ω for whichHd(E) > 0 = ω(E).
An example of such a domain, constructed by J. Azzam, will be presented
in the Appendix A.
While putting the final touches to this manuscript , Jose Marı´a Martell
informed us that in a joint work with Akman, Badger and Hofmann in
preparation, they have obtained independently Theorem 1.1 under slightly
stronger assumptions (in particular, assuming that ∂Ω is Ahlfors-David d-
regular).
Acknowledgements. We warmly thank J. Azzam for his encouragement
and several discussions pertaining to this work and rectifiability, as well
as for explaining the techniques developed in his earlier work on the same
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topic. The author was supported by the ERC grant 320501 of the European
Research Council (FP7/2007-2013).
2. BACKGROUND MATERIAL
• If A,B ⊂ Rd+1, we let
dist(A,B) = inf{|x− y| : x ∈ A, y ∈ B}, dist(x,A) = dist({x}, A),
• B(x, r) stands for the open ball of radius r which is centered at x.
We also denote by λB(x, r) = B(x, λr).
• We will write p . q if there is C > 0 so that p ≤ Cq and p .M q
if the constant C depends on the parameter M . We write p ∼ q to
mean p . q . p and define p ∼M q similarly.
• For A ⊂ Rd+1 and s ∈ (0, d+ 1] we set
Hsδ(A) = inf
{∑
rsi : A ⊂
⋃
B(xi, ri), xi ∈ Rd+1
}
.
Define the s-dimensional Hausdorff measure as
Hs(A) = lim
δ↓0
Hsδ(A)
and the s-dimensional Hausdorff content as Hs∞(A). See Chapter 4
of [25] for more details.
Definition 2.1. We say that a set E ⊂ Rd+1 is Ahlfors-David s-regular
(s-ADR) if there is C ≥ 1 so that
rs/C ≤ Hs(B(x, r)) ≤ Crs for all x ∈ E, 0 < r < diamE. (2.1)
If a set E ⊂ Rd+1 satisfies only the lower (resp. upper) bound we shall
call it lower (resp. upper) Ahlfors-David s-regular.
Definition 2.2. A domain Ω is called uniform if there is CΩ > 0 so that for
every x, y ∈ Ω there is a path γ ⊂ Ω connecting x and y such that
(a) if ℓ(γ) is the length of γ, then ℓ(γ) ≤ CΩ|x− y| and
(b) for z ∈ γ, dist(z, ∂Ω) ≥ dist(z, {x, y})/CΩ.
We call any such path a good curve connecting x and y.
Definition 2.3. We say that Ω satisfies the interior Corkscrew condition if
for all x ∈ ∂Ω and r ∈ (0, diam ∂Ω) there is a ball B(z, r/C) ⊆ Ω ∩
B(x, r). We say that Ω satisfies the exterior Corkscrew condition if there is
a ball B(y, r/C) ⊆ B(x, r)\Ω for all x ∈ ∂Ω and r ∈ (0, diam ∂Ω).
Definition 2.4. A domain Ω is called non-tangentially accessible (NTA)
[23] if it is uniform and satisfies the exterior Corkscrew condition.
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We introduce the notion of “dyadic cubes” for a metric space (we may
refer to them as “metric cubes”). We will use the construction of Hyto¨nen
and Martikainen from [22], which refines the originals of Christ [12] and
David [14].
Theorem 2.5. For c0 < 1/1000, the following holds. Let c1 = 1/500 and
Σ be a metric space. For each n ∈ Z there is a collection Dn of “cubes,”
which are Borel subsets of Σ such that
(1) Σ = ⋃∆∈Dn ∆ for every n,(2) if ∆,∆′ ∈ D = ⋃Dn and ∆ ∩∆′ 6= ∅, then ∆ ⊆ ∆′ or ∆′ ⊆ ∆,
(3) for ∆ ∈ Dn, there is x∆ ∈ Xn so that if B∆ = B(x∆, 5cn0 ), then
c1B∆ ⊆ ∆ ⊆ B∆.
For ∆ ∈ Dn, define ℓ(∆) = 5cn0 , so that B∆ = B(x∆, ℓ(∆)).
Remark 2.6. For ∆ ∈ Dn and ∆′ ∈ Dm, we have ℓ(∆)/ℓ(∆′) = cn−m0 .
Remark 2.7. If Σ is an ADR set then we may take c0 = 1/2.
We recall now the notion of rectifiability and its quantitative analogue
(uniform rectifiability).
Definition 2.8. If E ⊆ Rd+1 is a Borel set, we say that E is n-rectifiable if
Hn(E\⋃∞i=1 Γi) = 0 where Γi = fi(Ei), Ei ⊆ Rn, and fi : Ei → Rd+1 is
Lipschitz.
One can find several characterizations of uniformly rectifiable sets in [16]
and [17]. We state here only two of them.
Definition 2.9. An Ahlfors-David n-regular set Γ ⊆ Rd+1 is called uni-
formly n-rectifiable if there are constants L > 0 and c ∈ (0, 1) such that,
for all x ∈ Γ and r ∈ (0, diamΓ), there exist E ⊆ B(x, r) ∩ Γ with
Hn(E) ≥ crn and an L-bi-Lipschitz embedding g : E → Rn.
Remark 2.10. If Γ is a bi-Lipschitz image of Rn, then it is uniformly n-
rectifiable.
The characterisation that will be most convenient for us is the one given
in terms of bilateral β-numbers:
bβΓ(∆, P ) = sup
x∈MB∆∩Γ
dist(x, P )/ℓ(∆) + sup
y∈MB∆∩P
dist(y,Γ)/ℓ(∆),
where P is an n-plane and MB∆ stands for the ball B(x∆,Mℓ(∆)).
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Remark 2.11. By the local compactness of the Grassmanian and the con-
tinuity of bβ(∆, P ) in P , there exists P that infimizes bβ(∆, P ), and we
define
bβΓ(∆) = inf
P
bβΓ(∆, P ).
Theorem 2.12. [17, Theorem 2.4] Let Γ be an Ahlfors-David n-regular set
in Rd+1. Then Γ is uniformly rectifiable if and only if for every pair of
positive constants ε ≪ 1 and M ≫ 1, there is a disjoint decomposition
D(Γ) = G ∪ B, such that the cubes in B satisfy the a Carleson packing
condition ∑
∆′⊂∆:∆′∈B
Hn(∆′) .ε,M Hn(∆), for all ∆ ∈ D(Γ), (2.2)
and such that for every ∆ ∈ G, we have that bβΓ(∆) < ε.
Finally we recall a useful corollary from [2].
Lemma 2.13. [2, Corollary 3.4] Let µ be a Borel measure, Σ = supp µ and
E ⊆ ∆0 ∈ D(Σ) be a Borel set. Let also 0 < δ < 1 < M < M0/2 and set
PM,δ = {∆ : ∆ ∩ E 6= ∅, ∃ x ∈MB∆ such that dist(x, E) ≥ δℓ(∆)}.
Then there is C1 > 0 so that, for all ∆′ ⊆ ∆0 in D(Σ),∑
∆⊆∆′
∆∈PM,δ
µ(∆) ≤ C1µ(∆′). (2.3)
3. WHITNEY CUBES AND INTERIOR SUB-DOMAINS
For n ∈ Z, a (d + 1)-dimensional dyadic cube Q of side length 2n in
R
d+1 is a (d + 1)-fold Cartesian product of closed intervals of the form
[i2n, (i+ 1)2n], where i ∈ Z. We will denote by ℓ(Q) = 2n the side-length
of Q and by λQ the cube of the same center as Q and edges parallel to the
coordinate axes but side-length λℓ(Q).
Definition 3.1 (Whitney Cubes). For an open set Ω ⊆ Rd+1 we will denote
by W(Ω) the set of maximal dyadic cubes Q ⊆ Ω such that 3Q ∩ Ωc = ∅.
These cubes have disjoint interiors and satisfy the following properties:
(1) ℓ(Q) ≤ dist(x,Ωc) ≤ 4 diamQ for all x ∈ Q,
(2) (1−√d+ 1λ−1
2
)ℓ(Q) ≤ dist(x,Ωc) ≤ (4 + (λ− 1)/2) diamQ for
all x ∈ λQ if λ ≥ 1 is close enough to 1 (depending on d)
(3) If Q,R ∈ W(Ω) and Q ∩R 6= ∅, then ℓ(Q) ∼d ℓ(R).
(4) ∑Q∈W(Ω 12λQ .d 1Ω for sufficiently small λ > 1 (depending on
d).
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• We say that Q,R ∈ W(Ω) are adjacent if Q ∩ R 6= ∅ and we write
Q ∼ R.
• We denote by PQ,R the shortest path Q = Q0, ..., Qk = R of Whit-
ney cubes such that Qj ∼ Qj+1 for j = 0, ..., k − 1 and define the
distance dΩ(Q,R) = k + 1.
We can now state an equivalent characterization of uniformity .
Theorem 3.2 (Alternate characterization of uniform domains). A domain
Ω is uniform if and only if it satisfies the interior Corkscrew condition and
there is NΩ : [0,∞)→ [0,∞) increasing such that,
dΩ(Q,R) ≤ N(dist(Q,R)/min{ℓ(Q), ℓ(R)}) for all Q,R ∈ W(Ω).
(3.1)
We state here a method to construct a uniform sub-domain Ω− around
a prescribed portion of a uniform domain Ω. This construction is pretty
standard but a proof can be found for example in [2, Lemma 4.1].
Lemma 3.3. Let Ω ⊆ Rd+1 be a uniform domain and let E ⊆ B(x0, r0) ∩
∂Ω be compact where x0 ∈ ∂Ω and r0 ∈ (0, diam ∂Ω). Set C0 > 0 and
C
−
E = {Q ∈ W(Ω) : C0Q ∩ E 6= ∅, ℓ(Q) ≤ r0}.
For some constant C˜ > 0, set
C˜E
−
= {Q : Q ∈ PQ1,Q2 for some Q1, Q2 ∈ C −E with dΩ(Q1, Q2) ≤ C˜}.
For λ > 1, set
Ω−E =
 ⋃
Q∈C˜E
−
λQ
◦ .
Then forC0 and C˜ large enough and λ > 1 close enough to 1 (each depend-
ing only on CΩ and d), Ω−E is a uniform domain contained in B(x0, C−r0)
and diam ∂Ω−E ≥ r0/C−, for some C− := CΩ−
E
= CΩ−
E
(d, C0, λ, CΩ).
Moreover, ∂Ω−E ∩ ∂Ω = E.
Remark 3.4. Let
∂C −E = {Q ∈ C −E : Q ∼ Q′ for some Q′ ∈ W(Ω)\C −E }
and
∂C˜ −E = {Q ∈ C˜E
−
: Q ∼ Q′ for some Q′ ∈ W(Ω)\C˜E
−}.
For each R ∈ ∂C˜ −E there exist at most N = N(C˜, d) cubes Q ∈ ∂C −E with
Q′ = R.
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4. MAIN LEMMAS
Another characterization of rectifiability, which will be suitable for our
purpose, is described in the following proposition.
Proposition 4.1. E ⊆ Rd+1 is a n-rectifiable set if and only ifHn(E\⋃∞i=1 Γi) =
0 where Γi = Fi(Rn) and Fi : Rn → Rd+1 is bi-Lipschitz.
For the proof we need the following theorem.
Theorem 4.2. [7, Theorem II]. Let D ≥ d ≥ 1 and 0 < κ < 1 be given.
There are constants C ′ = C ′(d) > 0 and M = M(κ, d) such that if f :
R
d → RD is a 1-Lipschitz function, then there are sets Σ1, ...,ΣM such that
Hd∞
(
f
(
[0, 1]d\
M⋃
i=1
Σi
))
≤ C ′κ (4.1)
and such that if Σi 6= ∅, there is Fi : Rd → RD which is L0-bi-Lipschitz,
L0 ∼D κ−1, so that
Fi|Σi = f |Σi. (4.2)
Proof of Proposition 4.1. The sufficiency part is straightforward. For the
necessity part, we let E ⊂ Rd+1 be a n-rectifiable set. Then, by definition
2.8, there exist Γi = fi(Ei), where Ei ⊆ Rn and fi : Ei → Rd+1 Lipschitz,
such that Hn(E\⋃∞i=1 Γi) = 0. We extend fi to Lipschitz functionsf˜i :
R
n → Rd+1 and then we cover Rn by n-dimensional cubes {Qj}∞j=1 of unit
length.
Fix such a cube Qj and then fix a Lipschitz extension f˜i restricted to
Qj . If k ∈ N and δ = 1/k, by Theorem 4.2, we find M = M(k, n) sets
Σi,j1 , ...,Σ
i,j
M such that Hn∞
(
f˜i
(
Qj\
⋃M
ℓ=1Σ
i,j
ℓ
))
≤ C ′k−1. Additionally,
there are F i,jℓ : Rn → Rd+1 which are L0-bi-Lipschitz, with L0 ∼d k, so
that F i,jℓ |Σi,j
ℓ
= f˜i|Σi,j
ℓ
.
If we apply this to each f˜i and each cube Qj , it is easy to see that
{F i,jℓ }i,j,ℓ is our collection of bi-Lipschitz maps.

Lemma 4.3. Let Γ ⊂ Rd+1 be a closed set. Suppose that ∆0 ∈ D(Γ) and a
Borel set E ⊂ ∆0 so that 0 < Hd(E) <∞. Then there exist C0 > 1 and a
Borel set E ′ ⊂ E such that
(1) Hd(E ′) ≥ 1
2
Hd(E),
(2) Hd(E ∩∆) ≥ C−10 Hd(∆), for every ∆ ∈ D(Γ) for which ∆ ⊂ ∆0
and ∆ ∩ E ′ 6= ∅.
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Proof. Let {∆i}i∈I be the maximal sub-collection of metric cubes in D(Γ)
such that ∆i ∩ E 6= ∅, ∆i ⊂ ∆0 and
Hd(∆i ∩ E) ≤ δHd(∆i),
for some δ > 0 to be chosen. Define E ′ := E\⋃i∈I ∆i and note that
Hd(E ′) =Hd(E)−
∑
i∈I
Hd(∆i ∩ E)
≥Hd(E)− δ
∑
i∈I
Hd(∆i)
≥Hd(E)
(
1− δH
d(∆0)
Hd(E)
)
.
We conclude by choosing δ = Hd(E)/2Hd(∆0). 
Lemma 4.4. Let Γ ⊂ Rd+1 be an Ahlfors-David d-regular closed set, ∆0 ∈
D(Γ) and E be a Borel subset of ∆0 so that 0 < Hd(E) < ∞. Suppose
that E ′ is the subset of E obtained by Lemma 4.3 and B ⊂ D(Γ) is a sub-
collection of metric cubes such that for each ∆ ∈ D(Γ) we have that∑
∆′∈B:∆′⊂∆
Hd(∆′) . Hd(∆).
Then for every ∆ ⊂ ∆0 for which ∆ ∩ E ′ 6= ∅, there exists ∆′ ⊂ ∆ such
that ∆′ ∈ D(Γ)\B and ℓ(∆′) ∼ ℓ(∆).
Proof. We let ∆ ∈ D such that ∆ ∩ E ′ 6= ∅ and ∆ ⊂ ∆0. Define now
Mk = {∆′ ∈ D : ∆′ ⊂ ∆, ℓ(∆)/ℓ(∆′) ∼ 2k and ∆′ ∩ E 6= ∅}.
By Lemma 4.3, we obtain that
Hd(∆) . Hd(∆ ∩ E) ≤
∑
∆′∈Mk
Hd(∆′ ∩ E) . 2−kdHd(∆)|Mk|,
where |Mk| stands for the cardinality of Mk. Therefore, |Mk| & 2kd.
Take now all the metric cubes ∆′ ∈ ⋃Nk=1Mk and notice that in the case
that
⋃N
k=1Mk ⊂ B we have that
NHd(∆) . Hd(∆)
N∑
k=1
2−kd|Mk| ∼
N∑
k=1
∑
∆′∈Mk
Hd(∆′)
≤
∑
∆′∈B:∆′⊂∆
Hd(∆′) . Hd(∆).
If we choose N > 0 sufficiently large, we reach a contradiction and the
lemma follows. 
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5. CORE OF THE PROOF OF THEOREM 1.1
Let Ω ⊂ Rd+1 be as in Theorem 1.1. Since ∂Ω is d-rectifiable we can
apply Proposition 4.1 and find a countable union of bi-Lipschitz images that
exhausts ∂Ω up to a set of Hd-measure zero. We fix such an image Fi(Rd)
and denote it by Γ. Let F := ∂Ω∩Γ. Then by Lebesgue’s density theorem,
for Hd-a.e. x ∈ F , it holds that
lim
r→0
Hd(B(x, r) ∩ F )
Hd(B(x, r) ∩ ∂Ω) → 1.
Therefore, for Hd-a.e. x ∈ F , there exists rx > 0 such that for every
0 < r < rx, Hd(B(x, r) ∩ F ) ≥ Hd(B(x, r) ∩ ∂Ω)/2 > 0.
Fix now x0 ∈ F and r0 < rx0 .
Lemma 5.1. Let Ω ⊂ Rd+1 be a uniform domain and E be a compact
subset of B(x0, r0)∩ ∂Ω∩ Γ such thatHd(E) > 0. Let also M = 2CΩ + 1
and ε > 0 be sufficiently small. Suppose that ∆ ∈ D(Γ) has the following
properties:
1) (flatness) bβΓ(∆) < ε,
2) (density) For every x ∈MB∆ ∩ Γ and dist(x, E) ≤ εℓ(∆).
Then there exists a ball B0 ⊂ B∆\Ω such that r(B0) ∼ ℓ(∆).
Proof. Let P be the hyperplane that infimizes bβΓ(∆) and P ′ the hyperplane
parallel to P passing through x∆ (the center ofB∆). Then bβΓ(∆, P ′) ≤ 2ε.
Without loss of generality we assume x∆ = 0 and P ′ = Rd.
Let B˜ be a Corkscrew ball in Ω for B∆ with radius r(B˜) ∼ ℓ(∆). We
claim that every x ∈ 1/2B˜ satisfies dist(x,Rd) & ℓ(∆). Indeed, if this was
not the case, we would have that dist(1/2B˜,Rd)≪ ℓ(∆) and therefore, by
the density and flatness condition for ∆, B˜ ∩ Ω 6= ∅. But this violates that
B˜ is a Corkscrew ball in Ω and proves our claim.
Fix x ∈ 1/2B˜ and let y be in the reflection of 1/2B˜ across Rd. We will
show that y cannot lie in Ω. We assume to the contrary that both x and y are
in Ω. Then, by the uniformity of Ω, there exists a good curve γ connecting
x and y (notice that by the choice of M it is always true that γ ⊂ MB∆).
Therefore, there exists z ∈ Rd ∩ γ ∩ MB∆. If zΓ ∈ Γ is the point that
realizes the distance dist(z,Γ), we have that |z − zΓ| ≤ 2εℓ(∆), using that
bβΓ(∆,R
d) < 2ε. This, in turn, by the density of MB∆ ∩ Γ in E, implies
that d(z, E) ≤ 3εℓ(∆). Using the “goodness” of the curve γ we obtain that
dist(z, {x, y})/c ≤ dist(z, ∂Ω) ≤ dist(z, E) ≤ 3εℓ(∆). (5.1)
But since dist(x,Rd) ∼ dist(y,Rd) ∼ ℓ(∆) and ε is sufficiently small, we
reach a contradiction and this concludes the theorem.
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
Since Hd|∂Ω is Radon, we can always find E ⊂ ∂Ω ∩ Γ ∩ B(x0, r0)
compact with Hd(E) > 0. Let now E ′ ⊂ E be the set obtained from
Lemma 4.3 and construct a uniform domain Ω−E′ around E ′ as in Lemma
3.3. We will show that Ω−E′ is an NTA domain.
Lemma 5.2. Ω−E′ satisfies the exterior Corkscrew condition.
Proof. It is enough to show that for every x ∈ ∂Ω−E′ there exists a ball
B0 ⊂ B(x, r) \ Ω−E′ with radius r(B0) ∼ r. We call such B0 a Corkscrew
ball.
Let dist(x, E ′) < r/2 and x′ ∈ E be so that |x′ − x| < r/2. Then there
is ∆ ∈ D(Γ) containing x′ with ℓ(∆) ∼ r such that
B∆ ⊆ B(x′, r/2) ⊆ B(x, r).
If ∆ satisfies the flatness and density conditions of Lemma 5.1, then the
existence of a ball B0 with the desired properties follows by that lemma. If
not, we set B to be collection of cubes for which either bβΓ(∆) ≥ ε or there
exists x ∈ MB∆ such that dist(x, E ′) > εℓ(∆). In light of Theorem 2.12
and Lemma 2.13, this is a Carleson family and thus, by Lemma 4.4 there
exists ∆′ ⊂ ∆ such that ∆′ ∈ D(Γ)\B and ℓ(∆′) ∼ ℓ(∆) ∼ r. We apply
once more Lemma 5.1 and obtain a Corkscrew ball B0.
Let dist(x, E ′) ≥ r/2. Then there exists Q ∈ ∂C˜ −E′ such that x ∈ ∂λQ.
If R ∈ W(Ω) is the Whitney cube containing x, it is clear that R 6∈ C˜ −E′ .
Since ℓ(R) ∼ ℓ(Q′) for any Whitney cube Q′ ∼ R, we have that R′ =
R\⋃
Q′∈C˜−
E′
λQ′ is a rectangular prism with all side-lengths comparable to
ℓ(R) ∼d ℓ(Q). In light of C0Q ∩ E ′ 6= ∅ and x ∈ λQ ⊆ C0Q, it holds that
r ≤ 2 dist(x, E ′) ≤ 2 diamC0Q .d ℓ(R),
and clearly B(x, r) ∩ R′ contains a Corkscrew ball of radius ∼ r.

It only remains to show that the boundary of the new domain Ω−E′ has
finite d-Hausdorff measure.
Lemma 5.3. Hd(∂Ω−E′) <∞.
Proof. If Q ∈ ∂CE′ , there exists Q′ ∼ Q which is not in ∂C −E′ , i.e., C0Q′ ∩
E ′ = ∅. We can pick C0 > 0 so large that there exists ∆ ∈ D(∂Ω) which
is contained in C0Q′ and ℓ(∆) ∼ ℓ(Q′) ∼ ℓ(Q). Let ∆Q ∈ D(∂Ω) be the
maximal metric cube such that ∆Q ∈ C0Q′, ℓ(∆) ∼ ℓ(Q′) ∼ ℓ(Q) and
3B∆Q ∩ E ′ = ∅. We also let yQ = x∆Q (recall that x∆Q is the center of
B∆Q).
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Claim: For any fixed metric cube ∆ ∈ D(∂Ω), there exists N0 =
N0(d) > 0 so that ♯{Q ∈ ∂C −E′ : ∆Q = ∆} ≤ N0. To see this, fix
∆ ∈ D(∂Ω) and suppose that ∆Q = ∆, for some Q ∈ ∂C −E′ . By the def-
inition of ∆Q, there exists some (possibly large) positive absolute constant
σ so that any cube Q ∈ ∂C −E′ for which ∆ = ∆Q is contained in the ball
B(x∆, σℓ(∆)). Since all Q ∈ ∂C −E′ such that ∆Q = ∆ are disjoint and have
comparable side-lengths, by volume considerations the claim follows.
Notice now that for Q ∈ ∂C −E′ we have ℓ(Q) ∼ dist(Q,E ′) . r0 and
thus, ℓ(∆Q) . r0. Moreover, dist(∆Q, x0) ≤ dist(∆Q, Q) + dist(Q, x0) ≤
dist(yQ, Q) + r0 . ℓ(Q) + r0 . r0.
We set S := {∆ ∈ D : ∆ = ∆Q for some Q ∈ ∂C −E′}which is a disjoint
family of cubes. Note also that there exists A > 0 so that S is contained in
B(x0, Ar0). This follows easily from ℓ(∆Q) . r0 and dist(∆Q, x0) . r0.
Therefore, using the lower d-ADR property of ∂Ω we obtain that
∑
Q∈∂C−
E′
ℓ(Q)d ∼
∑
Q∈∂C−
E′
ℓ(∆Q)
d .
∑
Q∈∂C−
E′
Hd(∆Q ∩ ∂Ω)
.N0
∑
∆∈S
Hd(∆ ∩ ∂Ω) ≤ Hd(B(x0, Ar0) ∩ ∂Ω),
where in the penultimate inequality we used that there are at most N0 num-
ber of metric cubes such that ∆ = ∆Q and in the last one that S is con-
tained in B(x0, Ar0). Since E ′ ⊂ B(x0, r0) ∩ ∂Ω and Hd|∂Ω is a locally
finite measure, the lemma follows from Remark 3.4 and the definition of
(the boundary of) Ω−E′ . 
Let us denote by ω− and ω the harmonic measure in the domain Ω−E′ and
Ω respectively, with pole at a fixed point of Ω−E′ (and thus, of Ω) so that
its distance to the boundary of Ω−E′ is comparable to r0. Then, by [8] we
conclude that Hd|∂Ω−
E′
≪ ω− and by the maximum principle, this implies
thatHd|E′ ≪ ω|E′.
6. END OF THE PROOF OF THEOREM 1.1
Suppose that there exists F ⊂ ∂Ω such that ω(F ) = 0 but Hd(F ) > 0.
Then there exists a bi-Lipschitz image Γ such thatHd(Γ∩F ) > 0. Arguing
as in the beginning of section 5, we pick x0 ∈ Γ ∩ F and r0 > 0 such that
Hd(Γ ∩ F ∩ B(x0, r0)) & Hd(∂Ω ∩ B(x0, r0)) > 0.
Moreover, sinceHd|∂Ω is Radon, we can find a compact set E ⊂ B(x, r) ∩
Γ ∩ F such that
Hd(E) & Hd(B(x, r) ∩ Γ ∩ F ) > 0.
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Let now E ′ ⊂ E be as in Lemma 4.3 and recall thatHd(E ′) > 0. The latter
implies that ω(E ′) > 0 sinceHd|E′ ≪ ω|E′. Then
0 < ω(E ′) ≤ ω(E) ≤ ω(F ) = 0,
which leads us to a contradiction. Therefore, Hd ≪ ω on ∂Ω apart from a
set of Hd-measure zero, which concludes the proof of Theorem 1.1.
APPENDIX A.
We present now the construction of the counterexample mentioned in
section 1
Let Q0 be the unit cube of Rd+1, s ∈ (d−1, d) andE ⊂ Q0 is an Ahlfors-
David s-regular set so that its complement is a uniform domain. Let E2−n
denote the union of all dyadic cubes of side-length 2−n that intersect E.
Then
Hd(∂E2−n) .
∑
Q∩E 6=∅:ℓ(Q)=2−n
ℓ(Q)d
= 2−n(d−s)
∑
Q∩E 6=∅:ℓ(Q)=2−n
ℓ(Q)s . 2−n(d−s)Hs(E). (A.1)
Let W(Rd+1) be for the Whitney decomposition of the upper half-space
R
d+1
+ . For each W ∈ W(Rd+1+ ), we let TW be the affine similarity that
maps Q0 to W and set EW = TW (Eℓ(W )) so that
Hd(∂EW ) = ℓ(W )dHd(∂Eℓ(W )) . ℓ(W )2d−sHs(E),
where in the last inequality we used (A.1). This estimate implies that if we
define Ω := Rd+1+ \
⋃
W∈W(Rd+1+ )
EW then Hd|∂Ω is locally finite. By con-
struction it is not hard to see that Ω is uniform and its boundary d-rectifiable.
Notice now that by the Ahlfors-David s-regularity of E one can deduce
that Hs∞(B ∩ ∂Ω) & r(B)s (with uniform contants), where B is a ball of
radius r(B) centered on ∂Ω and Hs∞ stands for the s-Hausdorff content.
Therefore, by a result proved by Bourgain in [11] (for a proof see also [5,
Lemma 4.1]) we have that there exists c0 ∈ (0, 1) such that ωxB(B) > c0,
where B is a ball centered on ∂Ω and ωxB is the harmonic measure in Ω
with pole at xB (a Corkscrew point of B). With this in hand, we combine
[5, Lemma 4.2] and [1, Lemma 3.6] and obtain that the harmonic measure
in Ω is doubling.
Take now a ball B(x, r) such that x ∈ Rd. Note that there exists a Whit-
ney cube W0 ⊂ B(x, r) ∩ Rd+1+ such that ℓ(W0) ∼ r. Then, by doubling,
ω(B(x, r)) . ω(W0). By Lebesgue’s density theorem we have that,
1 . lim
r→0
ω(W0)
ω(B(x, r))
≤ lim
r→0
ω(B(x, r) \ Rd)
ω(B(x, r))
→ 0, for ω–a.e. x ∈ Rd.
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Therefore, ω(Rd) = 0 and for any set F ⊂ Rd such that 0 < Hd(F ) < ∞
we will have ω(F ) = 0, which concludes our proof.
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